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abstract
In this paper, a generic approach for the integration of vehicle routing and scheduling and motion planning
for a group of autonomous guided vehicles (AGVs) is proposed. The AGVs are requested to serve all the
work stations in a two-dimensional environment while taking into account kinematics constraints and the
environment’s geometry during their motion. The problem objective is the simultaneous determination
of time-optimum and collision-free paths for all AGVs. The proposed method is investigated and discussed
through a number of simulated experiments using a variety of environments and different initial
conditions.
© 2010 Elsevier B.V. All rights reserved.

1. Introduction
In recent years, autonomous guided vehicles (AGVs) have been
of immense interest due to their capacity to perform important
tasks, such as the transportation of materials [1]. Considerable
attention has been paid to applications where the AGVs are
requested to reach a sequence of work stations in environments
cluttered with obstacles [2]. This problem occurs often in practice,
e.g. in automatic ports, autonomous tunnel navigation and for
public transportation.
This paper examines the problem where a set of AGVs is
requested to serve all the work stations cluttered in a 2D
environment. Each AGV starts from its depot, passes through a
number of work stations (each one exactly once) and returns back
to its depot. The objective is to determine the minimum total
travel-time required by the AGVs to serve all work stations in the
2D environment. It must be noticed that every work station is
allowed to be served by only one AGV. Furthermore, the number
and the sequence of the work stations which is served by a vehicle
are not predetermined.
The attainment of this objective necessitates the solution of
two known combinatorial optimization problems: (a) motion
planning [3], and (b) vehicle routing and scheduling planning [4].
Both of them are known to be intractable. Motion planning
and task scheduling issues are often studied separately. So far,
the integration of these problems has been studied by a few
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researchers in [5,6]. In [5], an AGV is demanded to serve timely
(providing delivery tasks) as many work stations in a 2D industrial
environment as possible. The proposed methodology consists of
two phases: First, the vehicle’s environment is mapped onto a 2D
B-Spline surface embedded in 3D Euclidean space using a robust
geometric model. Then, a modified genetic algorithm is applied
on the generated surface to search for an optimum legal path
that satisfies the requirements of the vehicle’s mission. However,
this work considers only one moving AGV and does not take
into account the corresponding kinematics constraints. In [6] a
methodology is presented for modeling and controlling a flexible
material handling system (MHS), composed of AGVs, suitable for
flexible manufacturing systems. The AGVs incorporate artificial
intelligence and mobile robotics techniques in order to calculate
their paths. The MHS makes use of a decentralized navigation
control and a distributed Petri net in order to achieve higher
flexibility and autonomy. However, the method is not globally
optimal because the generated paths are not taking into account
the task scheduling procedure.
Traditionally, the vehicle routing and scheduling problem
(VRSP) and motion planning problem (MPP) are studied separately.
The reason for this is that integrating routing–scheduling and
motion planning forms a very challenging NP-hard optimization
problem [7]. VRSP is usually regarded in the literature as a variant
of the time-constrained travelling salesman problem (TSP) [8]. In
VRSP, a single vehicle starts from a depot, visits a set of stations,
passing through each one of them exactly once, and returns to the
depot; while the overall routing schedule satisfies some predefined
time requirements. More general versions of the problem may
take into account the capacity constraints of the vehicle or may
allow multiple vehicles and time windows [9]. VRSP is usually
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presented by an undirected graph and its solution is obtained
by searching this graph for an optimum route satisfying the
related time constraints. All versions of VRSP lead to an NP-hard
optimization problem and therefore the trend is to face these
problems by using robust heuristics algorithms [10] or by using
Petri-net based approaches [11,12].
Existing approaches which are followed for the motion
planning of multiple AGVs are classified into two categories [3]:
centralized and decoupled. In the centralized approach the configuration spaces of the individual vehicles are combined into one
composite configuration space [13] which is then searched for a
path for the whole composite system [14,15]. In the decoupled
approaches [16,17], a collision-free path for each vehicle is determined independently and then the paths are synchronized to
resolve possible collisions among the vehicles. Collisions between
the vehicles are resolved during the second phase by velocity tuning. The tradeoff of these two approaches (centralized and decoupled) is that the decoupled approaches are considered faster while
the centralized approaches have the advantage of being complete.
Recently, Xidias et al. [18] introduced a new method for solving the
MPP for a set of AGVs moving in 2D terrains. The key element of this
method is the representation of the workspace through a single
mathematical entity using the Bump-Surface concept presented
in [19]. Utilizing this concept, the problem’s solution is searched
globally onto a solution space, which is a B-Spline surface embedded in E 3 , in such a way that all moving AGVs satisfy the MPP objectives.
1.1. Main contribution
Based on the above discussion it is clear that existing methods
for planning and scheduling motions for groups of AGVs consider
planning and scheduling as two separate problems [3,7,4]. This
approach has the following drawbacks and/or limitations: (a) The
constructed network of paths is predefined and unchangeable,
thus, cannot adapt either to the environment’s changes or to
dynamic changes of the AGVs tasks, and cannot be revised to meet a
better scheduling algorithm. (b) The quality of the network of paths
(straight lines and arcs) directly influences the performance of the
system like, for example, the total travel time to transport a load
from a depot point to a work station.
On the other hand, this paper considers scheduling and
planning simultaneously and presents an integrated approach for
a set of moving AGVs with varying velocities. The advantages of
the proposed approach are: (a) The AGVs’ paths are generated
by taking into account the environment’s geometry, the depot
locations, the number and location of work stations and the
scheduling algorithm. (b) The generated paths are smooth and
collision-free. (c) The integration of path and velocity planning
provides the optimal or near optimal solution for the whole
system. (d) Unlike other methods (see e.g., [10–12]) that are
limited to solving a discrete-event system, our method transforms
the integrated problem into a continuous-event system which is
solved using a Genetic Algorithm (GA) with special encoding.
In order to achieve this goal, we utilize the concept of BumpSurfaces to perform a global search of the solution space in order
to ensure an optimal routing/scheduling and motion planning for
the set of AGVs moving in the given 2D environment. For the sake
of completeness, we briefly review the Bump-Surface concept and
we also present a new technique for improving its local accuracy
(see Section 2.3).
Finally, the entire problem is formulated as an optimization
problem which is resolved using a GA specifically designed and
implemented for the purposes of the current work. The proposed
GA is presented in Section 4.
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The rest of the paper is organized as follows. Section 2 states
the problem under consideration. Section 3 presents the mission
design strategy for a set of AGVs. Section 4 presents the solution
optimizer (a modified GA). Section 5 demonstrates and discusses
the effectiveness of the proposed method through indicative
simulation experiments applied to a set of vehicles moving in 2D
environments. Finally, Section 6 summarizes the contribution of
this paper.
2. Overview of the problem: general assumptions and notations
In this paper, the AGVs are assumed to be moving in a 2D
environment which is cluttered with known prohibited areas
(obstacles). The AGVs are car-like vehicles moving with varying
velocity and are requested to serve all the work stations in the
given environment. This is a situation which is usually met in realworld applications. Existing examples include a number of AGVs
operating in transportation tasks in areas such as warehouses and
container terminals. AGVs travel along fixed or free paths with
variable velocities which connect machines, processing centers,
stations and other fixed structures along aisles. A formal statement
of the problem under consideration is given in the next section.
2.1. The Mission Design Problem (MDP)
Let a set of Nv autonomous guided vehicles be moving in
a two dimensional environment cluttered with static obstacles.
⌢
The environment contains a set of S = {S 1 , . . . , S M } work
stations which must be served by the AGVs (see Fig. 1). The overall
requirements that must be taken into account are given in the
following:

• All vehicles are car-like robots with identical shape and mass.
• The environment obstacles have fixed and known geometry and
are static.

• Each vehicle is coupled with a single depot. All depot locations
are fixed and known (they are denoted by D j , j = 1, . . . , Nv ).
• All vehicles move only forward with variable velocity in the
interval (0, vmax ].
⌢
• All vehicles must serve all work stations S , and each work
station should be served only once.

• A vehicle’s path always starts from the depot, goes through a
number of work stations and terminates at the same depot.

• Each path should have an upper-bounded curvature kjmax , j =
1, . . . , Nv (which is related to the maximum allowed vehicle
velocity, see Section 3.1.1).

• The overall travel time is determined by the slowest AGV and
should be minimum.
This paper is focused on the derivation of vehicle paths
satisfying the given requirements. It must be noted that these
requirements form a combined motion planning, routing and
scheduling problem. In fact, the first problem deals with the
determination of the collision-free paths between the successive
goals for a group of AGVs and the second problem refers to the
determination of the optimal sequence between the work stations
in terms of time (routing and scheduling). The overall problem can
be characterized as a combinatorial NP-hard problem. Due to the
combinatorial explosion, the extraction of exact optimal solutions
for NP-hard problems is computationally impracticable. Thus, the
reduction of the solution space complexity has a great impact
on the final optimum solution. In our approach, this is achieved
by using the Bump-Surface method to formulate a search space
represented by a single mathematical entity. On the other hand,
research on combinatorial explosion based on metaheuristics,
such as Genetic Algorithms, can lead to approximate solutions
in polynomial time instead of exact solutions that would be at
intolerably high cost.
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2.3. Mapping the 2D environment onto a Bump-Surface
In this section, we briefly review the Bump-Surface concept
and its advantages for solving the combined problem addressed
in this paper (performing motion planning, routing and scheduling
planning for a set of AGVs). Then, an improvement over the existing
Bump-Surface construction is presented in order to achieve higher
accuracy.

Fig. 1. A 2D environment cluttered with 4 depots, 5 obstacles and 14 work stations.
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Fig. 2. An autonomous guided vehicle A in W .

2.2. Definition of an autonomous guided vehicle (AGV)
In order to simplify notation, and without loss of generality, it
is assumed henceforth that the 2D environment has unit length in
each dimension. Therefore the entire 2D environment is captured
by a normalized workspace W = [0, 1] × [0, 1]. An AGV A
is represented by a car-like robot as it is shown in Fig. 2. It
has a rectangular body and its motion is bounded by kinematic
constraints [3]. The vehicle’s configuration in the 2D environment
is uniquely defined by the triple (u1 , u2 , θ ) ∈ W × [0, 2π ), where
(u1 , u2 ) ∈ W are the coordinates of the rear axle midpoint R with
respect to a fixed frame, and θ represents the orientation of the
vehicle, as it is shown in Fig. 2. The steering angle 0 ≤ φ ≤ φmax is
defined by the main axis of A and thevelocity
vector at the front
axis midpoint F, where |φ| = arctan ρl < π2 , ρ is the radius of
curvature at point R and l is the distance between the midpoints R
and F. G is the instantaneous centre of rotation of A.
The orientation θ is linked to the derivative at the position of
the reference point R = (u1 , u2 ) by the equation [3]
u̇1 sin θ − u̇2 cos θ = 0.

(1)

It must be noticed that an AGV path corresponds to a curve in the
u1 u2 θ -space satisfying the kinematic constraints (i.e., an upperbounded curvature). However, because of Eq. (1) this path can be
also defined by a u1 u2 -curve defined as R = R(s).

2.3.1. The Bump-Surface concept
Motion planning in various environments has been extensively
studied over the last two decades. Motion planning approaches
can globally be classified in three major categories [3]: grid-based
methods, artificial potential fields and graph-based methods. Gridbased methods divide the collision-free space of the vehicles’
workspace into a number of cells. Motion is then planned in
these cells. Unfortunately, when the dimension of the workspace
is high or the complexity of the workspace is large (e.g. cluttered
with narrow passages and/or with non-convex obstacles), the
number of cells becomes too large, rendering this kind of method
intractable. Artificial potential field methods force the vehicle to
move according to the influence of an artificial potential field
produced by the goal configuration and the obstacles. The goal
configuration generates an ‘‘attractive’’ potential and the obstacles
generate a ‘‘repulsive’’ potential. The main limitation arises from
the existence of local minima in the resulting field, where no
descent direction exists for the vehicle to follow. Graph-based
methods generally construct and search a graph for the shortest
path between start and goal configurations. The constructed graph
is modified by taking into account the kinematical constraints
of the vehicle and the nature of the environment (dynamic or
static). A big disadvantage of this kind of methods is the fact that
computing an effective graph is usually a difficult task.
Recently, Azariadis and Aspragathos [19] introduced a new
method for solving the motion-planning problem for an autonomous vehicle moving in 2D static terrains. The Bump-Surface
method is an effective tool to capture both the free and the forbidden areas of the entire vehicle’s workspace by using a single
mathematical entity and can be used to solve complicated motionplanning problems [18]. It is a global method that represents the
overall vehicle’s workspace by using a B-Spline surface embedded
in a higher dimension space. For example, the 2D environment
shown in Fig. 1 is represented by a Bump-Surface embedded in
3D Euclidean space E 3 as it is shown in Fig. 3. The construction of
the Bump-Surface is based on a control-points net with variable
density depending on the required path-planning accuracy, i.e., the
denser the grid, the higher the accuracy. In addition, due to the flexibility of the B-Spline surfaces we can capture the desired accuracy
by taking advantage of their ability for local and global control [20].
Individual motion planning problems can then be formulated
as optimization problems where a variety of motion planning
objectives and constraints can be encoded in an objective function.
The motion planning solution is searched onto the resulted surface
(Bump-Surface = Searching space) in such a way that the motion
of AGVs in the initial environment satisfies the given requirements
and constraints. A variety of criteria can be included easily in
the objective function taking into account several factors that
affect the quality of the solution-path (e.g., kinematical constraints,
curvature continuity, robot’s dimension, etc.). In contrast to the
graph based approaches (i.e., visibility graphs and probabilistic
roadmaps) which discretize the vehicle’s environment, and the
potential field approaches which construct a surface by the union
of two mathematical entities (a repulsive potential field and an
attractive potential field), the Bump-Surface concept represents
the entire vehicle environment by one simple mathematical entity
(B-Spline surface) which can be constructed very rapidly in linear
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in the flat areas of S. This improvement leads to solution paths with
higher accuracy without the need to change the grid size. More
precisely, we consider that the two knot vectors of S are of the
following form:
z









u1,0 , u1,2 , u1,3 , . . . , u1,i + c1,i , . . . , u1,Ng , u1,Ng +1 , u1,Ng +2








=0
=1






U2 = u2,0 , u2,2 , u2,3 , . . . , u2,i + c2,i , . . . , u2,Ng , u2,Ng +1 , u2,Ng +2








U1 =

y

=0

x

c2 = c2,i , i = 4, . . . , Ng − 1 in order to minimize the following
equation



Fig. 3. The corresponding Bump-Surface.

time. The resulting surface is free from dead-ends, where a vehicle
can be trapped. In fact, the ‘‘flat’’ areas of the Bump-Surface
represent the solution space of the problem under consideration
while the bumpy areas correspond to prohibited motions. Every
feasible path connecting two points onto the ‘‘flat’’ areas of a
Bump-Surface avoiding the surface bumps is in fact a solution
to the given problem. Since the solution space is limited by the
bumpy areas adequate implementations of GAs are utilized in
order to find the optimal path corresponding to the problem
under consideration. Depending on the motion planning problem
a Bump-Surface can have more than three dimensions. For the
aforementioned reasons, we adopt in this paper the Bump-Surface
method for the representation of the vehicles’ environment.
Given a 2D normalized workspace W , the construction of
the Bump-Surface is obtained by a straightforward extension of
the Z -value algorithm [19]. Briefly, this algorithm considers that
W is discretized into uniform subintervals along its u1 and u2
orthogonal directions, respectively, forming a grid of points pi,j =


xi,j , yi,j , zi,j ∈ [0, 1]3 , 0 ≤ i, j ≤ Ng − 1 where Ng denotes the
grid size. The zi,j coordinate of each grid point pi,j takes a value
in the interval (0, 1], if the corresponding grid point lies inside an
obstacle and the value 0 otherwise.
In this paper, we use a (2, 2)-degree B-Spline surface with
uniform parameterization to represent the Bump-Surface S :
[0, 1]2 → [0, 1]3 , which is given by

I =



− 


pi,j − S xi,j , yi,j 2

− −
i =0

Ni2 (u1 )Nj2 (u2 )pi,j ,

( u1 , u2 ) ∈ W

(3)

(i,j)∈F

where F = (i, j) : zi,j = 0 .
The minimization of Eq. (3) with respect to c1 and c2 is
achieved using a fast conjugate gradient method [21]. Usually
this improvement takes place when the actual control net of S is
determined, as it is described above. Our extensive experiments
in various environments indicate an average local isometry
improvement of 37.6%. This improvement is obviously affected by
the number of control points. In our experiments, in environments
with a rather rough discretization Ng = 50 the local isometry
accuracy order is O(10−3 ).





3. Mission design for AGVs
The main objective of this research is to simultaneously
determine the schedule and the paths for all AGVs Aj as it
is described in the Mission Design Problem stated earlier. The
mathematical representation of the AGVs’ paths should be able
to provide simplicity in order to avoid extensive mathematical
formulations and derive fast and stable computational algorithms,
flexibility and local control in order to allow for movements within
complex environments and narrow passages, accuracy in order to
make sure that the AGVs will pass through the work stations, and
so on. For these main reasons we adopt NURBS to represent the
vehicles’ paths in this paper.
A second degree NURBS curve is utilized to represent Rj (s) by

Ng −1 Ng −1

S = S(u1 , u2 ) =

=1

where both U1 and U2 have Ng + 3knots.
 In this way our purpose
is to define the two vectors c1 = c1,i , i = 4, . . . , Ng − 1 and

j

Nk −1

(2)

j =0

where Ni2 (u1 ) and Nj2 (u2 ) are the B-Spline base functions. The 3D
surface S consists of 2D flat areas (solution space) and 3D bumpy
areas which correspond to the environment’s obstacles.
2.3.2. Improving the local isometry (increasing the accuracy of the
Bump-Surface method)
Given a path R(s) and its image S (R(s)) on S, the arc length
of R(s) approximates the arc length of S (R(s)) as long as R(s)
lies on the flat areas of S [19]. In order to improve this local
isometry, we present an improvement over the existing BumpSurface construction. In the original work [19], the accuracy of
the approximate local isometry between S and W is improved by
increasing the density of the grid. Thus, the grid density should be
increased in the case of W with many obstacles or with obstacles
which are very close to each other. This makes the overall approach
less automated, since the interference of an experienced user is
required to adjust the grid size. With the proposed improvement
the knot vectors of S are refined in order to increase local isometry

∑

Rj (s) =

j

Ni2 (s)ωi pi

i=0

,

j

N k −1

∑

Ni2

s ∈ [0, 1] .

(4)

(s)ωi

i=0

Here Ni2 (s) is the B-Spline basis function, ωi are the weight factors
j

j

and pi are the Nk control points of Rj (s) defined as in the following:

• pj0 = pj j = D j denoting the depot point of Aj .
N k −1


⌢j
j
• p1 , . . . , pj j
= ({subset of Work Stations S } ∪ {interN k −2

j

j

mediate points gi , i = 1, . . . , Nb }) defined in W .
⌢j

⌢

In the given formulation, S ⊂ S is the subset of work stations to
be served by the vehicle Aj that follows the Rj (s) path. Note that
⌢1

⌢Nv

S ∪···∪ S

⌢

⌢j

= S and Nbj + cardinal( S ) = Nkj − 2. A schematic

representation of the aforementioned formulation is given in Fig. 4,
where a possible path is drawn for A1 . In this case the control
points of R1 (s) are {D 1 , g11 , S 3 , g12 , S 2 , g13 , S 4 , g14 , S 6 , g15 , D 1 }
⌢1

while S = {S 3 , S 2 , S 4 , S 6 }.
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otherwise. Then, the requirement for a collision-free path for Aj
can be described as an optimization sub-problem with respect to
j
pi written as
min E j
Nv


subject to

j

Qi = ∅,

(5)

i = 1, . . . , Nc .

j =1

Furthermore, in order to ensure that the curvature kj (s) along the
j
Rj (s) never exceeds a maximum curvature kmax to avoid violating
the kinematic constraints and force the moving AGVs’ velocity in
the interval (0, vmax ] the following condition should also hold:
kj (s) ≤ kjmax ,

s ∈ [0, 1] .

(6)

In this paper, R (s) is discretized by Nc − 1 sequential chords, and
j
j
therefore the curvature ki at the Ri = Rj (si ) point is approximated
by the equation [23,24]
j




j

j

j




j

ki = Ri−1 − 2Ri + Ri+1  ,

Fig. 4. An example of a possible path of an autonomous guided vehicle.

i = 1, . . . , Nc .

(7)

The goal of the proposed mission-design strategy is the
j
j
determination of the Nk − 2 control points pi , which define
j
the requested path R (s). Furthermore, it is considered that the
orientation of Aj in each point of Rj (s) has the same direction with
the tangent vector of Rj (s) at that point.

Thus, condition (6) can be rewritten in a discrete manner as

3.1. Mission design for an autonomous vehicle Aj

number of work stations S with its depot location D j . Since every
work station should be served just once and by only one AGV, then
it holds

3.1.1. Conditions for deriving collision-free paths and for speed
control
A feasible path Rj (s) is one that, firstly, does not collide either
with the obstacles or with the other vehicles and, secondly,
its curvature kj (s) never exceeds an upper-bounded curvature
j
kmax in order to satisfy the kinematic constraints and force the
moving AGV velocity in the interval (0, vmax ]. Following the results
from [19] and the discussion in Section 2.3, the arc length of Rj (s)
approximates the length Lj of its image S(Rj (s)) on S as long as Rj (s)
lies on the flat areas of S.
In order to take into account the geometry of each Aj we
j
select a set of vertices ak , k = 1, . . . , 4, on the perimeter of
j

Aj . Thus, similarly with the midpoint Rj , each point ak follows
j
j
a curve ak = ak (s) in W . Then following the results from [18],


j

j

we measure the ‘‘flatness’’ Hk of the image Sz ak (s) of ak (s) on

S, i.e., j = 1, . . . , Nv . Furthermore, in order to take into account
the requirement that Aj should avoid collisions with the other
vehicles we follow the approach which is described in detail in [18].
j
Briefly, at each point Ri (s), i = 1, . . . , Nc of Rj (s), where Nc is the
number of selected points along Rj (s), we assume that a vehicle Aj
j
occupies a region Qi in W which is encircled with a circle
centred


j

j

at the centre of Aj and diameter dj , where dj = a1 − a3 . If



j



j′

j′

satisfies d ≥ d +2d , then no collisions exist. Otherwise, collision
detection requires searching for intersecting edges between the
pairs of edges of the vehicles
using the sweep line algorithm [22].

j
k=1 Hk

∑4

Let E = e
∗ L , j = 1, . . . , Nv , be a penalized length
j
j
function
 j
corresponding to S(R (s)). E takes a value in the intervalj
L , +∞ , if a vehicle collides with the obstacles and the value L ,
j

(8)

3.1.2. Condition for serving the requested work stations
Each Aj should follow a path Rj (s) which eventually connects a

⌢1

⌢Nv

S ∪ ··· ∪ S

⌢

=S

and

⌢1

⌢Nv

S ∩ ··· ∩ S

= ∅.

(9)

3.1.3. Condition for deriving the minimum travel time
An optimum velocity profile must be generated for each Aj to
travel along an assigned path Rj (s) whose length function onto S is
E j . Since our main constraint is planning forward motions only, the
velocity v j (s) is constrained by the relation
0 < v j (s) ≤ vmax .

(10)

The velocity v (s) can never become negative and can be equal to
zero only at the depot locations D j . Since Rj (s) is discretized, the
j

j

j

measurement of the velocity vi at every point Ri is defined by



v , if kji = 0

 max 
 
vij =
τ0

min vmax ,
,

j

k

(11)

j

if ki ̸= 0

i

where τ0 is a constant which depends on the friction between the
wheels and the ground, and the gravity constant g.
j
j
Let Ri and Ri+1 be two sequential points on Rj (s). Furthermore,
j

we assume that Aj is moving from the point Ri to the point
j
Ri+1

j
1ti

j
1Ei

in an infinitesimal time
, and
is the corresponding
displacement along Rj (s). The average velocity of Aj during this
j
j
period is represented by 1vi . The infinitesimal travel time 1ti from
j

j

point Ri to point Ri+1 is given by

the distance d between the centres of two vehicles A and A
j

i = 1, . . . , Nc , j = 1, . . . , Nv .

⌢j

Given the aforementioned formulation we derive appropriate
conditions for every Rj (s) in order to satisfy the problem
requirements imposed in Section 2.1.

j

j

ki ≤ kjmax ,

j

j

1ti =

1Ei
1v

j
i

.

(12)

Then, the time required for Aj to travel along Rj (s) is calculated by

j

Nc −2

tj =

−
i=0

− 1E j
i

Nc −2
j

1ti =

j

i=0

1vi

.

(13)
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Fig. 5. The chromosome corresponding to the vehicle A1 .

3.2. The overall formulation of the MDP
Taking the above analysis into consideration, the mission design
problem defined in Section 2.1 is formulated as an optimization
problem given by
min Eobj = max t 1 , . . . , t Nv





 j
ki ≤ kjmax , i = 1, . . . , Nc , j = 1, . . . , Nv



Nv



 Q j = ∅, i = 1, . . . , N
c
i
subject to j=1

 ⌢1
⌢N
⌢


S ∪ · · · ∪ S v = S and

 ⌢1
⌢Nv
S ∩ · · · ∩ S = ∅.

(14)
Fig. 6. A calculated path for vehicle A1 which corresponds to the chromosome of
Fig. 5.

The minimization of problem (14) with respect to the control
j
points pi leads to a collision-free path for each Aj , which satisfies
all MDP requirements. In (14), by minimizing the travel time of the
slowest AGV we ensure that the overall travel time and the paths
of the AGVs system will be minimum. The proposed approach
generates for each vehicle its schedule, path Rj (s) and velocity
v j (s) simultaneously satisfying that: (a) each AGV is moving within
the maximum allowed velocity, (b) each AGV will not collide with
another AGVs or with the environment, (c) each work station will
be served only once and (d) the lengths of the generated network
of paths are the shortest possible.

number of intermediate points used for the Nv generated paths.
The integer left-hand part of the chromosome represents the order

4. The proposed GA for solving the formulated MDP

The fitness function evaluates the quality of a chromosome, in
other words, the quality of the corresponding path. The fitness
function provides the mechanism for determining the direction
of the search on the solution space (Bump-Surface). We use the
following fitness function:

Genetic Algorithms (GAs) have been successfully applied to
optimization problems with large and complex search spaces due
to their ability of reaching a global near-optimal solution even if
the search space contains multiple local minima [25]. Besides, GAs
have extensively been used to solve the motion design problem
such as in [26,27] and the routing and scheduling problem such as
in [28]. Thus, GAs have been successfully used in the past for the
solution of the optimization problems similar to (14).
GAs are probabilistic search methods that employ search
techniques inspired by Darwin’s evolutionary theory. GAs employ
a random, yet directed, search for finding the globally optimal
solution. In contrast to random sampling algorithms, they have the
ability to direct the search towards relatively promising regions in
the search.
A modified GA has been designed and implemented to deal
with the mission design problem addressed in this paper. The
characteristics of the proposed GA are analyzed and described in
the following subsections.
4.1. The chromosome syntax
The first step in applying the GA is the choice of an appropriate
representation to encode the decision variables of the problem
under consideration. In this work, a mixed integer and floatingpoint representation was selected for use. That is, chromosomes
are strings consisting of a set of successive integers followed
by a set of successive real-valued numbers. Each chromosome
represents Nv possible paths for the set of AGVs in the 2D
environment. More specifically, each chromosome consists of Nv +
 ⌢
∑N
∑N
j
j
2 j=v1 Nb + cardinal S genes, where 2 j=v1 Nb is the overall

⌢j

with which each Aj visits the S work stations. The real-valued
j
part of the string represents for each Aj the Nb intermediate points
j

gi ∈ W . Fig. 5 demonstrates the structure of the chromosome
part corresponding to the A1 path shown in Fig. 6. As one can
see, the segments of the path between the 4 work stations and the
depot D 1 are determined by the intermediate points gi1 ∈ W (i =
1, . . . , 10).
4.2. The fitness function


 1

, if no constraints are violated
E
0,obj otherwise
 j
Ci ≤ kjmax , i = 1, . . . , Nc − 1, j = 1, . . . , Nv



(15)
Nv



 Q j = ∅, i = 1, . . . , N
c
i
constraints = j=1
 ⌢1

⌢N
⌢


S ∪ · · · ∪ S v = S and

 ⌢1
⌢Nv
S ∩ · · · ∩ S = ∅.
F =

Each chromosome represents Nv possible paths for the set of
AGVs as a sequence of control points defining the Rj (s) curves
j
(see Eq. (4)). The coordinates of each control point pi ∈ W
determine the genes of the chromosome. The initial population
of the proposed GA consists of a number of chromosomes having
genes with coordinates randomly selected within W .
4.3. Genetic operators
The following three genetic operators were selected for use
with the proposed GA [29]:
• Reproduction: Reproduction is a simple copy of an individual
from the population of the current generation to the population
of the next generation. In this work, the proportional selection
strategy is adopted. According to this strategy, the chromosomes are selected to reproduce their structures in the next
generation with a rate proportional to their fitness.
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• Crossover: Crossover joins together parts of several individuals
in order to produce new ones for the next generation.
The individuals are randomly selected according to a userdefined probability (crossover rate). For the first part of the
chromosome, that with the integers, the Order Crossover (OX)
followed by a suitable repairing mechanism was selected for
use, while for the second part of the chromosome, the one-point
crossover was adopted.
• Mutation: For the first part (with integers) the inversion
operator is used, while for the second part a boundary mutation
was used. Inversion selects two positions along the string at
random and then inverts the sub-section of the values between
these two positions. Boundary mutation changes the value of a
gene with a random number chosen from the permitted range
of coordinates in the B-surface.
5. Experimental results and discussion
The performance of the proposed method is investigated
through a number of simulation experiments for a set of AGVs
moving in 2D environments. All simulations are implemented in
Matlab and run on a Core 2 Duo 2.13 GHz PC. Four indicative
experiments are presented and discussed in this section. In all
cases, the grid size is set to 100 × 100. The determination of the
suitable settings for the control parameters of any GA is known
to be a very difficult task. After extensive experimental efforts
we concluded that solutions of high quality are achieved using
the following settings: population size = 250, maximum number
of generations = 500, crossover rate = 0.75, inversion rate = 0.095
and boundary mutation rate = 0.004. Furthermore, a (2, 2)-degree
B-Spline surface is used to represent the Bump-Surface. For the
NURBS representation of Rj (s) we set the weight factors associated
to work stations equal to 3.2 and for the other control points equal
to 1. In this way it is possible to control the distance that an
AGV passes through a work station, which for the purposes of our
experiments is of order O(10−3 ). Closer or looser proximity can be
achieved by fine tuning these weights. This implies that with the
proposed method it is also possible to assign different proximity
weight-factors to the various work stations. Finally, in this paper,
we consider that every AGV will spend the same amount of time
in every work station and therefore this delay is not taken into
account in the overall motion design. Incorporating time frames
in the current mission design strategy is considered as a goal for
future research.
The first experiment corresponds to the environment shown in
Fig. 1 (see Section 2) which includes 4 depots, 5 obstacles and 14
work stations. The AGVs’ mission is to serve all work stations in
minimum travel time. Between each pair of work stations we allow
one intermediate point, thus the total number of intermediate
points is equal to 18. The application of the proposed method gave
the paths shown in Fig. 7. Vehicle A1 passes through the work

Fig. 7. The calculated solution paths.

Fig. 8. The velocity profiles.

⌢1

= {S 3 , S 2 , S 4 , S 6 } with the following order: D 1 →
S 3 → S 2 → S 4 → S 6 → D 1 . Vehicle A2 passes through
⌢2
the work stations S = {S 1 , S 5 , S 7 } with the following order:
2
D → S 1 → S 5 → S 7 → D 2 . Vehicle A3 passes through the
⌢
work stations S 3 = {S 10 , S 9 , S 8 , S 11 } with the following order:
3
D → S 10 → S 9 → S 8 → S 11 → D 3 . Finally, vehicle A4 passes
⌢4
through the work stations S = {S 14 , S 12 , S 13 } with the following
4
order: D → S 14 → S 12 → S 13 → D 4 . The velocity profiles are
stations S

given in Fig. 8, where vmax = 1.
A second example is demonstrated in Fig. 9. In this example, we
assume the same 2D environment as test case I but we add one
more depot. The set of AGVs, which is composed by five vehicles,
must serve all the work stations in minimum travel time, exactly
once. Between each pair of work station we set two intermediate
points.

Fig. 9. A 2D environment cluttered with 5 obstacles, 5 depots and 14 work stations.

The application of the proposed method gave the paths shown
in Fig. 10. The overall number of intermediate control points is 38.
⌢1

Vehicle A1 passes through the work stations S = {S 3 , S 2 , S 4 }
with the following order: D 1 → S 3 → S 2 → S 4 → D 1 .
⌢2

Vehicle A2 passes through the work stations S = {S 1 , S 7 } with
the following order: D 2 → S 1 → S 7 → D 2 . Vehicle A3 passes
⌢3

through the work stations S = {S 10 , S 9 , S 6 } with the following
order: D 3 → S 10 → S 9 → S 6 → D 3 . Vehicle A4 passes through
⌢4

= {S 14 , S 12 , S 13 } with the following order:
→ S 14 → S 12 → S 13 → D 4 . Finally, vehicle A5 passes

the work stations S

D

4
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Fig. 10. The solution paths.

Fig. 13. The solution paths.

Fig. 11. The velocity profiles.

Fig. 14. The velocity profiles.

Fig. 12. A 2D environment cluttered with 13 work stations and 2 depots.

Fig. 15. A warehouse plan.

⌢5

through the work stations S = {S 5 , S 11 , S 8 } with the following
order: D 5 → S 5 → S 11 → S 8 → D 5 . The velocity profiles are
given in Fig. 11.
A third example is demonstrated in Fig. 12, which includes 13
work stations, 2 depots and 5 obstacles. Two AGVs are requested
to serve all the work stations. In order to increase path flexibility,
we allow 2 intermediate points between each pair of work
stations hence the overall number of intermediate points is 30.
The application of the proposed method gave the solution paths
⌢1

shown in Fig. 13. Vehicle A1 passes through work stations S =
{S 11 , S 7 , S 5 , S 6 , S 12 , S 13 } with the following order: D 1 → S 11 →

41

S 7 → S 5 → S 6 → S 12 → S 13 → D 1 . Vehicle A2 passes
⌢2
through the work stations S = {S 3 , S 8 , S 10 , S 9 , S 4 , S 1 , S 2 } with
2
the following order: D → S 3 → S 8 → S 10 → S 9 → S 4 →
S 1 → S 2 → D 2 . The velocity profiles are given in Fig. 14.
A more complex example is demonstrated in Fig. 15. Here, we
assume a warehouse which contains several narrow passages and
walls separating rooms, 14 work stations and 3 AGVs. The AGVs
must travel long distances and reach the work stations that are
within the rooms. We set two intermediate points between each
pair of work stations; hence the overall number of intermediate
points is equal to 34. The resulting path for each AGV is depicted
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Fig. 16. The obtained network of paths.
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Fig. 18. The convergence of the GA for the problem shown in Fig. 15.
Table 1
Modifying the overall number of intermediate points.
Exp.#

∑Nv

1
2
3
4
5

18
36
54
72
90

j=1

j

Nb

Best fitness value

Generation no

0.112673
0.112971
0.114310
0.121030
0.145123

385
411
493
500
500

Fig. 17. The velocity profiles.
⌢1

in Fig. 16. Vehicle A1 passes through work stations S
=
{S 7 , S 6 , S 5 , S 4 } with the following order: D 1 → S 7 → S 6 →
S 5 → S 4 → D 1 . Vehicle A2 passes through the work stations
⌢2

S = {S 2 , S 1 , S 8 , S 3 } with the following order: D 2 → S 2 →
S 1 → S 8 → S 3 → D 2 . Vehicle A3 passes through work
⌢3
stations S
= {S 14 , S 13 , S 12 , S 10 , S 9 , S 11 } with the following
3
order: D → S 14 → S 13 → S 12 → S 10 → S 9 → S 11 →
D 3 . The velocity profile is shown in Fig. 17. The best fitness value
is 0.11173 and the generation number where the value is found
is 436.
As can be seen from Fig. 16 the proposed method is able
to schedule the motion of a set of AGVs and simultaneously to
produce collision free paths in complicated environments with
narrow corridors and rooms. The generated solution paths satisfy
(in a near optimum way) all the mission design criteria and
constraints established in Section 2. Furthermore, one should bear
in mind that we assumed that all AGVs are car-like robots and
their motion is bounded by kinematic constraints (e.g. an upper
bounded steering angle) therefore the motion of all vehicles is
acceptable. In addition, Fig. 18 illustrates the convergence of the
proposed GA to the global ‘‘near’’ optimum solution with respect
to the number of generations.
5.1. Measuring the performance of the proposed GA with respect to
the chromosome size
In this section, we present a study of the performance of the
proposed GA when it is applied to the first experiment with three
types of modifications on the size of the chromosome. Firstly, we
ran the GA by varying only the overall number of intermediate
∑N
j
points, i.e., j=v1 Nb . Secondly, we ran the GA with various numbers

Table 2
Modifying the number of work stations.
Exp.#

Work stations

Best fitness value

Generation no

1
2
3
4
5

14
18
22
26
30

0.112673
0.112752
0.112912
0.113157
0.114172

385
388
402
418
472

Table 3
Modifying the number of vehicles.
Exp.#

AGVs

Best fitness value

Generation no

1
2
3
4
5

4
6
8
10
12

0.112673
0.112719
0.112752
0.112847
0.112912

385
387
388
393
402

of work stations keeping the number of intermediate points
between each pair of work stations constant and equal to 1.
Finally, we ran the GA with various numbers of AGVs keeping
the number of work stations equal to 14. The performance of
the GA in each case is recorded with respect to the best fitness
value and the number of required generations until convergence
occurs.
In Tables 1–3, we show the computed results using the
proposed GA with various chromosome sizes, the best fitness value
achieved after each run and the generation number where this
value was found.
From the above analysis, it is shown that with various
chromosome sizes, GA selects the optimal solution in all cases. The
best fitness value was found equal to 0.112673.
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AGVs no
Fig. 19. Time graph of CPU time versus number of AGVs.

5.2. Computational time study
Despite the fact that the problem under consideration is offline, CPU time results versus the number of the AGVs is of immense
interest and it is therefore investigated experimentally. In the
conducted experiments, we assume the environment of the first
test case which is cluttered with 5 obstacles and 14 work stations
and we allow 1 intermediate point between each pair of work
stations. The number of AGVs changes from 4 to 10. The total
number of control points varies from 36 to 48. Fig. 19 shows the
graph of the CPU time versus the number of vehicles, which depicts
a linear correlation between these two quantities.
6. Conclusions
This paper presents a novel method for mission design of a
group of AGVs which addresses two problems simultaneously: (a)
the motion planning problem for a group of vehicles and (b) vehicle
routing and scheduling. The objective is to determine optimum
paths for all vehicles so as to serve in minimum travel-time all
work stations in a 2D environment, exactly once, while avoiding
collisions with the obstacles and each other during their travel.
The proposed method is based on the Bump-Surface concept in
order to express the combined problem of mission design as a
global constrained optimization problem. In order to resolve the
derived optimization problem a GA is proposed which utilizes
a complex chromosome consisting of integer- and real-value
parts. Experiments are conducted showing the effectiveness of the
proposed method.
Future work will be concentrated on applying the proposed
concept in more complicated environments where a set of AGVs
is requested to serve a set of work stations providing pickup and
delivery tasks while moving safely (i.e., avoiding any collision with
obstacles) in the environment. In addition, transferring the method
from the simulation level to the heart of an actual logistics system
is a significant issue for a possible future work.
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